In this paper, the dynamic boundary sti!ness and boundary #exibility for rod, beam and circular membrane structures are analytically derived using the dual integral formulation. Two approaches, the real-and the imaginary-part kernels are employed to determine the dynamic boundary sti!ness and boundary #exibility. The continuous system for a circular membrane can be transformed into a discrete system with a circulant matrix. Based on the properties of circulant, the analytical solution for dynamic boundary sti!ness and dynamic boundary #exibility in the discrete system can be derived. The exact formulae for the dynamic boundary sti!ness and boundary #exibility matrices of a rod, a beam and a circular membrane are obtained. Also, the calculation for the static #exibility using the pseudo-inverse technique is discussed.
INTRODUCTION
Sti!ness and #exibility matrices play important roles in structural analysis [1] . This concept can be easily extended to dynamic sti!ness and dynamic #exibility if harmonic loading is applied [2] . Many approaches can be considered to determine the sti!nesses and #exibility, e.g., analytical method, "nite element method (FEM) and boundary element method (BEM). Various analytical solutions of dynamic sti!nesses can be found in the textbook of structural dynamics [2] . In FEM, Mario and Lam derived the closed-form solution for general sti!ness matrix of a Bernouli}Euler beam and extended the solution to a series form [3, 4] . It is interesting to "nd that the procedure in deriving sti!ness by Mario and Lam is contrary to the derivation using the multiple reciprocity method (MRM) developed by Chen's group [5, 6] as shown in Table 1 . The e!ects of shear deformation and rotatory inertia were considered by Banerjee [7] . Later, the e!ect of axial force was addressed [8] . The dynamic sti!ness for two-and three-dimensional cases can be found in references [9}11] . The dynamic sti!ness can be determined by using indirect BEM [12] or direct method [13] . Both methods employed the complex-valued kernels. Although the dynamic sti!ness matrices for simple structures (rod and beam) have been found by FEM [14] , an alternative derivation using the dual formulation will be considered here. The dynamic sti!ness derived by BEM focuses on the relationship between boundary force and boundary displacement. We can term it &&dynamic boundary sti!ness''. The zeros and anti-zeros for the structure system are imbedded in the dynamic sti!ness and dynamic #exibility. The zero of dynamic sti!ness indicates the resonance frequency or critical wave number, while the anti-zero is an important information for structural control. Conventionally, the dynamic TABLE 1 ¹he relationship between ,nite-element and boundary-element methods in deriving dynamic sti+ness and -exibility matrices sti!ness was determined by using the complex-valued BEM. Recently, Chen and his coworkers developed the real-part BEM [15, 16] , the imaginary-part BEM [17] and the multiple reciprocity method [18] to solve the Helmholtz eigenproblem. Although spurious solutions appear, they can be "ltered out by using some techniques, e.g., residue method [18}20], singular-value decomposition (SVD) [6, 21] , generalized singular-value decomposition (GSVD) [22] , CHEEF method [23] and domain partition technique [17] . Whether the real-or the imaginary-part BEM can be applied to determine the sti!ness and #exibility in half e!ort or not is the main concern of the present paper. Also, the derivation of static #exibility for free}free structure by "nding the inverse of a singular sti!ness matrix will be addressed.
In this paper, we will construct the dynamic sti!ness and dynamic #exibility by using two approaches, the real-and the imaginary-part BEMs. All the in#uence matrices for the three cases, a rod, a beam and a circular membrane, have the same mathematical structures, which can be decomposed into two parts: true and spurious poles using the singular-value decomposition. The spurious eigensolutions encountered in the real-or the imaginary-part formulations can be "ltered out at the same time in constructing the dynamic sti!ness and dynamic #exibility matrices, since the spurious part can be cancelled out analytically. The results using the real-and imaginary-part BEMs will be compared with each other. Also, the true eigenvalues can be directly found in the boundary dynamic sti!ness or #exibility without the problem of spurious solution. The static #exibility will be determined from the static sti!ness by using truncated singular-value decomposition [24] or pseudo-inverse [25] .
METHODS FOR DERIVING DYNAMIC BOUNDARY STIFFNESS AND BOUNDARY FLEXIBILITY MATRICES OF A ROD
The governing equation for a unit-length rod is
where u is the axial displacement at the location x, k" /EA, in which is the density, the angular frequency, A the area of cross-section and E the Young's modulus. By using Green's third identity, we can derive the singular (;¹) integral equation and hypersingular (¸M) integral equation. By moving the "eld point to the boundary, we have [21] Real-part ;¹ equation
where
By combining the real and imaginary parts together, the complex-valued dual equations can be obtained without any di$culty. For the sake of comparisons in the mathematical structures for the matrices, equations (2) 
Real-part¸M equation:
Imaginary-part ;¹ equation:
Imaginary-part¸M equation:
[D]"
It is interesting to summarize all the results of equations (6)} (9) in Figure 1 . The general formula can be represented by 
where ; can be ;
The dynamic sti!ness k versus k is shown in Figure 2 , where the peak indicates the true eigenvalue. Similarly, the dynamic #exibility matrix can be expressed as
where u J
"[F]t I
is shown below:
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DETECTION OF TRUE AND SPURIOUS EIGENSOLUTIONS USING THE DUAL BEM IN CONJUNCTION WITH THE SINGULAR-VALUE DECOMPOSITION TECHNIQUE
By employing the SVD technique, we can transform the real-part ;¹ equation
Similarly, the real-part¸M equation
can be rewritten as
When k is the "rst true eigenvalue of , equations (2)}(5) turn out to be Real-part ;¹ equation:
Imaginary-part¸M equation:
All the interesting results including the true and spurious eigensolutions for the Dirichlet and Neumann problems are shown in Table 2 . For the problem of mixed-type boundary condition, we have the ;¹ equation in the form
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Eigenvector "
By employing the SVD technique, equation (28) reduces to
Similarly, we can obtain the¸M equation,
By employing the SVD technique, equation (32) reduces to
When k is the "rst true eigenvalue of /2, equations (31) and (33) reduce to
Real-part ;¹ equation: 
Similarly, the imaginary-part ;¹ and¸M equations can be derived, respectively, as follows: Table 3 . By using the SVD technique of updating terms [26] , the true solution can be extracted out emerging as
where " and , are the true boundary modes for the Dirichlet and Neumann problems respectively. For the mixed-type boundary condition problem, the true boundary mode, , can be obtained by combining
or
where and are the true boundary modes for the mixed-type problem using equations (44) and (45) respectively. All the interesting results are shown in Table 4 .
In order to determine the spurious eigensolution, we can employ SVD technique of updating documents [26] 
After transposing equation (46), we have
Similarly, we have
where N and Q are the non-trivial spurious boundary modes encountered in the ;¹ anḑ M equations respectively. For the mixed-type boundary condition problem, we have
where and are the non-trivial spurious boundary modes for the mixed-type problem using equations (49) and (50) respectively. All the interesting results are shown in Table 5 . 
METHODS FOR DERIVING DYNAMIC BOUNDARY STIFFNESS AND DYNAMIC BOUNDARY FLEXIBILITY MATRICES OF A BEAM
For a unit-length beam, we have the governing equation
where u(x) is the lateral displacement and k" /EI, in which is the mass per unit length and I the moment of inertia. By using Green's third identity, we can "nd the ;¹ equation and¸M equation. Moving the "eld point close to the boundary, we have [6] ANALYTICAL STUDY AND NUMERICAL EXPERIMENTS Figure 3 . Dynamic sti!ness and #exibility matrices for a beam using the dual formulation.
Real-part
It is interesting to summarize all the results of equations (52) and (60) in Figure 3 . The dynamic sti!ness matrix can be expressed as
in which S"sinh(k), s"sin(k), C"cosh(k), c"cos(k) and B"1/(Cc!1).
By employing the¸M formulation, we have
where [K]u J "t I as shown below:
. (64) It is interesting to "nd that the dynamic sti!ness matrix derived by using the ;¹ or¸M method as shown in equations (62) and (64) are the same. To compare with the dynamic sti!ness matrices using FEM [3] , we can arrange the sti!ness matrix in the following form:
. (65) Also, we can rewrite equation (65) as
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. It is interesting to "nd that equation (65) matches with the same result of equation (66) derived by Mario and Lam [3] .
METHODS FOR DERIVING DYNAMIC STIFFNESS AND FLEXIBILITY MATRICES FOR A 2-D CIRCULAR MEMBRANE
For a circular membrane, the governing equation is the Helmholtz equation:
where u is the lateral displacement, k" /¹, in which is the density, ¹ the tension, and the Laplacian operator, D the domain of the membrane. By using Green's third identity, we can "nd the ;¹ equation and¸M equation. Moving the "eld point to the boundary, we have
YJ 2t
where " It is interesting to summarize all the results of equations (68)}(76) in Figure 4 . The dynamic sti!ness matrix can be expressed as
where t "Ku and [K] is shown below:
The dynamic sti!ness k versus k is shown in Figure 5 . Then the dynamic #exibility matrix can be expressed as Figure 6 . The derivation for the static #exibility using pseudo-inverse and TSVD.
where u "Ft and [F] are as shown below:
The numerical results of equations (78) and (80) can be found in reference [29] .
SPECIAL CASE*STATIC STIFFNESS AND STATIC FLEXIBILITY
All the above dynamic sti!ness matrices have the limiting value if the value of k approaches zero. This limiting matrix with elements of "nite values is the static sti!ness. On the contrary, the static #exibility cannot be determined directly by setting the value of k to be zero in the dynamic boundary #exibility since in"nite value in the elements of matrix will occur. To circumvent this problem, the truncated singular-value decomposition (TSVD) technique in conjunction with the concept of pseudo-inverse [25] is employed to calculate the static #exibility as shown in Figure 6 . When k approaches zero for a rod, equation (17) turns out to be
where the static sti!ness [K] can be expressed as
By employing the pseudo-inverse technique, the static #exibility [F] can be expressed as
When k approaches zero for a beam, equation (66) turns out to be
ANALYTICAL STUDY AND NUMERICAL EXPERIMENTS where the static sti!ness [K] can be expressed as where K* denotes the pseudo-inverse of K and
in which the inverse of zero diagonal term of in equation (88) is set to be zero in the "rst diagonal element of $ in equation (93). For demonstration, a circular membrane is considered. In this case, 10 elements (N"5) are adopted in the boundary element mesh. Based on equation (87), the static sti!ness can be obtained as shown below: 
The sti!ness matrix [K] in equation (94) is singular and symmetric as expected. According to equation (92), the static #exibility can be determined as 
Equation (95) can be seen as an analytical solution for the static #exibility in a discrete system.
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CONCLUSIONS
In this paper, two approaches, using the real-part and imaginary-part kernels, were developed to construct the same dynamic sti!ness and #exibility matrices. Three examples, rod, beam and circular membrane, were demonstrated to show the validity of the present formulations. It is also found that similar mathematical structures can be found for the in#uence matrices in dual BEM. True and spurious eigensolutions can be determined easily and separated e$ciently at the stage of determining the sti!ness matrix. Instead of using the complex-valued formulation, the proposed method for determining the sti!ness or #exibility is time saving from the computational point of view since only the real or imaginary part is considered. Also, the static #exibility can be derived and solved by using the pseudo-inverse technique.
